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Of concern in the present paper is an analytical study on the bone specimen 
subjected to an external load. Two different cases have been dealt with in 
particular-(i) when the bone specimen is subjected to an axial load and (ii) when 
it is under the action of bending moments. Solutions are obtained by using large 
time and short time approximations. The derived analytical results are computed 
numerically to study the distribution of stresses at different instants of time and also 
the variation of stress with time at different locations of the bone specimen. 0 1991 
Academic Press, Inc. 
1. INTRODUCTION 
The prediction of the response of various bone specimens ubjected to 
mechanical oads and the resulting stresses has been the subject of intensive 
research in recent years. The classical work of Koch [ 11 encompassed both 
a detailed geometrical description of a femur and the calculation of stresses 
induced by force loading assumed to occur during certain normal activities 
of life. Burstein et al. [2] calculated stresses and displacements for bone of 
different geometrical shapes by considering elastic properties of osseous 
material. Studies on the simple axial load acting on the head of a femur 
were made by Koch [ 1 ] and Toridis [3]. Rybicki et al. [4] performed a 
study to evaluate the in oiuo force acting on equine long bones. They 
presented some results for the maximum axial forces and bending moments 
acting on the radius metacarpus, tibia, and metatarsus during some normal 
acivities of life, like standing, walking, trotting, etc. By carrying out a 
mathematical analysis of stress in the human femur, Rybicki et al. [S] 
calculated axial stresses and bending moment and showed that the bending 
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moments due to average weight of the body are quite significant in the 
human femur. 
Most of the previous investigations about bone have, however, been 
made by considering bone material to be either isotropic or transversely 
isotropic. But recent advances in studies in biomechanics of bone 
emphasize the consideration of the bone material to be orthotropic. The 
symmetry and consequently orthotropic properties of osseous tissues result 
from the composition of the tissues. The most important constituents of 
bone, hydroxyapatite and collagen, are anisotropic in nature. Physical 
properties of bones are mostly derived from the relative orientation and 
amount of the organic and inorganic crystalline substances in osseous 
tissues. Recent experiments on bovine bones carried out by Lipson and 
Katz [6] as well as Ashman et aZ. [7, S] firmly established that osseous 
material is orthotropic in nature. In a recent study on the internal 
remodelling phenomena in long bones, Misra et al. [9] took due account 
of the orthotropic material properties of bone tissues. 
The viscoelastic behaviour of bone tissues has also been firmly 
established through various experiments. Different viscoelastic models have 
also been examined by several investigators. In a theoretical investigation, 
Nowinski [lo] examined the applicability of the Sedlin [ 1 I] model to 
bone tissues. Several recent studies on the stress analysis for osseous tissues 
have been made by considering the two-, three-, and four-parameter Kelvin 
model [12-141. Other studies on the viscoelastic behaviour of bones 
include those of Burns et al. [ 15, 161 as well as Misra and Samanta [ 171. 
The present analysis has been carried out analytically to study the 
mechanical response of a specimen of long bone in two different cases viz., 
(i) when the long bone is subjected to an externally applied axial load, and 
(ii) when the bone specimen is acted on by bending moments. The 
orthotropic and material damping characteristics of bone tissues (as per 
experimental investigations mentioned above) have been duly accounted 
for in the analysis. Solutions have been obtained for large time as well as 
short time ranges. 
2. PROBLEM OF A LONG BONE SUBJECTED TO AN AXIAL LOAD 
Let us consider a specimen of long bone subjected to an axially sym- 
metric distribution of external forces. Since such a distribution of forces 
produces stresses identical at all cross-sections and dependent only on the 
distance r from the axis, even in general cases of anisotropy [18] the 
expressions for the stress components in the bone specimen having tubular 
structure may be written as follows, the bone material being considered to 
have cylindrical anisotropy of the most general kind: 
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18F or=--; 
r ar 
a=F 
fSe=7 
i?r 
where Q (i, j= 1,2, 3) are compliance constants of bone tissues, C is a 
constant, and F is the stress function which is of the form 
F=?r’+&r C3 1+&+-r l-k 
l-k (2) 
C1, C,, and C3 being arbitrary constants to be determined from the 
boundary conditions. 
The boundary conditions of the bone specimen are stated as 
IT,=0 at r=a,b 
while the end condition is 
(3) 
J 
b P 
c,r dr =-, 
2lt (4) 0 
P being the axial load and a, b the endosteal and periosteal radii of the 
bone specimen. Using (2) the stress components given by (1) may be 
expressed as 
o,=C,+C2rk-‘+C3r--(k+1) 
gO= C, + CZkrk-’ - C3krwck+l’. 
(5) 
It may be pointed out here that the displacement components obtained by 
integrating the generalised Hooke’s law equation together with the use of 
(4) will in general be multiple valued. 
In order to obtain them in terms of a single valued function, let us set 
C, = CX where X is a constant defined by 
where 
x= (%3-~23)P44 
822844 - 811844 
(6) 
p,,a,-z (i, j= 1, 2, 3,4). (6a) 
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By employing the conditions on the endosteal and periosteal surfaces, we 
obtain the expressions for C2 and C, in terms of C. 
The expressions for the stress components may now be put as 
Ph 
or=- l- 
T [ 1 
Ph 
iTo=- l- 
T [ 
1 -Ck+l 
1-C2k k~k-‘+Il--c~~‘kc*+l~~lk+~) 1 
P Ph l-Ck+l 1 mCk+l 
%=T-Tcr,, “13+a23- lwC2k - 1 - C2k 
(N,3+kOZ23)dk-l 
- 1l-y,,L (a,,-ka,,) ck+ld-‘k+q, 
where 
Here 
c=a/b; d=r/b (c<d< 1) (84 
P ,&-ii; 
B 
h=Cr23--13 
Bll - P22’ 
(9) 
22 
3. VISCOELASTIC SOLUTION 
We consider the material damping of the specimen to follow the Kelvin 
model. The relaxation time for the diagonal compliances (aij)s) and non- 
diagonal compliances are considered to be different. Denoting these relaxa- 
tion times by r1 and r2 let us write the compliances as 
~(s)=cr,(l +sr,) 
G(s) = “J 1 + SZJ 
(10) 
s being a constant. Further, writing t = z1 T we make the time space non- 
dimensional, so that Eq. (10) may be rewritten as 
q(s) = aii( 1 + S) 
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and 
where 
(11) 
Substituting (10) into (5), one can write down the viscoelastic stresses in 
Laplace space as 
(12) 
Expanding F,(s) and F2(s) in the Tailor series, we get 
G(s) = P 
F,,,(o) + I;;&) s + F;Jo) s2 + . . . 
F,,(o) + F;,(o) s + F,“,(o) s2 + . . . . (13) 
The Laplace inversion will now be carried out for an indefinitely large time 
as well as for short time after the 
are of particular importance in 
biological tissues. 
A. Large Time Range Analysis 
application of the load. These two cases 
problems related to stress analysis of 
where 
~(s)-A,~+A,~s+A,,s* 
P Bo,j+B,,is+s* ’ 
A ,,_ F1do). 
01/ F2,i(o)’ 
A yhjG4 
lr/ F;‘,(o) 
A ,~=Kjw 
2rl F;&) 
B _, = f-z&) 
Ov F&(o) 
Taking inversion of (14) we get 
(14) 
(15) 
(e-as7 _ e--bg?) 
bii-av 
+ L;(epa+ + epbvr) + a(t) 
in which 
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a..+b.. 
Lij=Aoii- 2 ~Al,+A2,(a,:b,)2-A20a.bi; (164 
L:,-A;, A2u(a,;b,) 
au = & [F;,(o) + (F;,(o) - 4Fdo) C(o))“‘1 
2lJ 
(16b) 
(17) 
b,= & Cf&w - (F&(o) - 4F*,(o) G(o)P21. (17a) 
w 
s(t) denotes Dirac delta function. The calculated expressions for Fkii(o), 
F;,(o), F:,(O) (k= 1,2; i,j= 1,2, 3) for the present consideration are 
included in -Appendix I. 
B. Small Time Range Analysis 
In this case, let us put s = l/u in Eq. (11) s( 
f’,,(u) q(s) = P - 
F&4 
(18) 
Expanding by Tailors theorem, we can write 
3 that 
iqs) = P 
F,,,(o) + F;,(o) u + F;,(o) u2 + ... 
F&)+ F;,(o)u+ F;,(o) u2+ ... 
= p F,,,(o) s2 + F;,(o) s + F;,(o) 
F,,(o) s2 + F;,(o) s + F;,(o) 
=P 
A& + A;,s + A&s2 
Bb,+ B;,+s’ ’ 
where 
A, ,_ = F’;,(o) 
Ov F2ij(o)’ 
A, ,_ = F;,(o) 
” F&o) 
A”,, = ‘do) 
lr/ F,,(o) 
B, _, = G,(o) 
Orl Fzij(o)’ 
B, ,_ = F;,(o) 
lrl Fzq(o)’ 
(19) 
(20) 
(21) 
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Considering the Laplace inversion of (19) we get 
,-air-,-b&r 
b;-ai 
+ M!.(e-“8 + ,-47) + d(t), 
where 
(22) 
M,=A;,-A;, 
+ A;& (ab + b:,)2 _ A' ..a!,b!, 
2 *Y cl rJ 
and 
a; = ( 1/2)[Big + (B$ - 4B&)1/2] 
b;=(1/2)[8>-(B&-4&,)“*J. 
The derived expressions for F,,,(o) and F,,(o) 
Appendix II. 
(23) 
(24) 
(244 
are presented in 
4. ANALYSIS FOR A SPECIMEN SUBJECTED TO BENDING MOMENTS 
We shall now carry out a mathematical analysis for a situation where a 
specimen of long bone subjected to external forces distributed over the ends 
of the bone specimen, the action of the forces being equivalent to that 
of a bending moment M at each end of the bone specimen. Considering 
cylindrical anisotropy of the bone specimen as before and assuming that 
the geometrical axis of the long bone coincides with the axis of cylindrical 
anisotropy, one can use the following formula for investigating the distribu- 
tion of stresses in the bone specimen: 
1 aF 1 a*F a,=--+-- 
r ar r* a82 
or = Br sin 0-k (~1~~0~ + ~1~~0~) (25) 
a*F F 
Tre = -- .- arae r 
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where au are the compliance constants of bone tissues and F is the stress 
function which is sought in the form 
F=f(r) sin 8. (26) 
The expression for f(r) can be found [ 183 by solving the following differen- 
tial equation of the fourth order: 
2(a,, - a13) B sin 8 = (27) 
a33 r ’ 
where /?ii=av-a,3aj3/a33 (i, j= 1, 2, . . . . 6). Thus the stress function F is of 
the form 
C 
+~r1~m+C3rlnr+C,r+~r3 1 sin 8, (28) 33 
where C1, Cz, C,, Cq, and B are arbitrary constants, 
m*= 1 +hl+Vn+866. a23 - al3 
P ’ gT-L+V12+866-%z’ 
(29) 
22 
The unknown constants are now found from the boundary conditions 
rsr = T&l = 0. (30) 
On the endosteal surface r = a as well as on the periosteal surface r = b and 
from the end conditions, we have 
ozr2sin0drd6=M 
azr2 cos 8 dr dtI = 0. 
(31) 
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The final expressions for the stresses are thus found to be of the form 
Mbg (T=- d- 
1 -cm+2 
I k [ 1 - C2m 
dm-‘_ ll--‘;-’ Cm+2d-(Pl+~) 1 sin 0 
Mbg ue=- 3d- 
[ 
1 -p+2 
k 1 - C2m 
(1 +m)d”-’ 
1 -cm-Z 
- 
1-p c 
m+2d-(m+l)(l -m) sin (j 1 
a,=~rsinO- ~[(.,,+3a,,)d-1~~c~2~2{~~~+(l+m)a2,}d”-1 
33 
-l-cm-2 
1 -p c m+2{a13 + (1 -m) az3} dpcm+‘) 1 sin 8 
zrl? = 
A4bg d- 1 -cm+’ -- 
k [ 1 - C2m 
dm-1_1-c”-2Cm+2d-(m+l) cos& (32) 
1 -C2m 1 
Here the symbols c and d bear the same meanings as in the previous case. 
K=+&)- $ [ (1 _ c4) a13 +43a23 _ (1 L:‘,~:~” 
.U13+(1+WI)a23 (1-Cm-2)2 
c4 
cr13+(1-m)a23 
m-I2 - 1 - C2m m-2 1 . (33) 
Let us now proceed further to obtain the viscoelastic solution, by using the 
same model as in the previous part of the analysis. In this case, the 
viscoelastic stresses in the Laplace transform space are of the form 
F,,(s) q(s)=MbsinO- 
F2&) 
(34) 
F,,(s) and F2&) being functions of the Laplace transformation varable S. 
Performing the Tailor expansion of Flu(s) and F,,(s) we can further write 
q(s) = Mb sin 8 
F,,(o)+F;,(o)s+F’;,(o)~~+ ... 
F2ij(o)+ F;,(o)s+ F;Jo)s’+ ...* (35) 
For computing the stresses in large time range, neglecting terms involving 
third and higher powers of s in both the numerator and the denominator, 
we write 
q(s) 
Mb sin 8 = 
Aov + AIijs + A,,+’ 
Bou+ B,,p+s’ ’ (36) 
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where the A’s and B’s may be expressed as in (14) of the earlier part of the 
analysis. 
Considering Laplace inversion, we get 
aq 
Mb sin 8 
=L..(e-“~‘-e~4”)+L!,(e-““+e~h~‘)+fi(t) 
‘I b,-a, r/ 5 (37) 
where L,, Lh, au, and 6, have expressions imilar to (16) and (17). The 
expressions for FiV(o), FIU(o), etc., have been shown in Appendix III. 
Proceeding as in the earlier case we have also carried out the short time 
range analysis for the bone specimen subjected to bending moments. The 
corresponding expressions are not being presented here for the sake of 
brevity. 
5. NUMERICAL RESULTS AND DISCUSSION 
The analytical expressions for the stresses in all different cases dealt with 
in this investigation have been computed numerically for a specimen of 
long bone, having endosteal and periosteal radii equal to 10 and 15 mm, 
respectively, by taking the following data for the compliance coefficients of 
human bone [7] in units of nm-*: 
u I, = 8.33 x 10-l’ c(i2 = -3.14 x IO--” 
a2* = 7.46 x 10 - ‘i ct13 = -1.85 x 10-l’ 
cc33 =5.00 x lo- l1 a*3 = -1.75 x 10-l’ 
ah6 = 22.07 x 10-l’. 
Figure 1 gives the variation of the radial stress with time in the large time 
range for r,, = 0.5, while Fig. 2 gives the same variation for 7,, = 2. In all the 
cases it is observed that the radial stress gradually decreases as time 
progresses. The computational results show that the nature of variation of 
the absolute value of the radial stress does not significantly depend on the 
value of the relaxation parameter ,,. The magnitude of the radial stresses, 
however, depends on r,,. The computed values further show that for r0 < 1, 
the stress is tensile whereas the stress is compressive for z0 > 1. Figures 3 
and 4 show the stress distribution in the radial direction of the bone 
specimen when T,, = 0.5 and 7. = 2, respectively, at various instants of time. 
In all the cases, the radial stress is found to attain its maximum in the 
vicinity of the central section of the long bone specimen. An idea of the 
stress distribution along the circumferential direction of the bone specimen 
can be had from Figs. 5 and 6. It is interesting to note that at all the 
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FIG. 1. Variation of radial stress with time for different values of d (for r,=O.S). 
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FIG. 2. Variation of radial stress with time for different values of d (for q, = 2.0). 
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FIG. 3. Distribution of radial stress at different instants of time (for r0 = 0.5). 
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FIG. 4. Distribution of radial stress at different instants of time (for q, = 2.0). 
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FIG. 5. Distribution of circumferential stress at different instants of time (for T,, = 0.5). 
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FIG. 6. Distribution of circumferential stress at different instants of time (for T,, = 2.0). 
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FIG. 7. Variation of circumferential stress with time for different values of d (for ~,=0.5). 
instants of time considered, the circumferential stress attains the same value 
at the central section of the bone specimen. Figures 7 and 8 illustrate the 
time variation of the circumferential stress for different values of relaxation 
time. Figures 9-12 give the variation of the longitudinal stress with time 
and the distribution of the stress along the axis of the bone specimen at dif- 
ferent instants of time. It may be noted that the nature of variation of the 
longitudinal stress does not depend on the value of the relaxation time 
parameter O. However, as evident from Figs. 9 and 10, the magnitude of 
the stress along the axis of the bone does not depend on r,,. It is further 
observed from Figs. 11 and 12 that the radial variation of the axial stress 
is almost rectilinear at different instants of time. 
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FIG. 8. Variation of circumferential stress with time for different values of d (for TV = 2.0). 
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Figures 13-18 illustrate the variation of the magnitude of the 
longitudinal stress in the large time range. One may observe that the radial 
stress gradually decreases with time. So far as its variation with d is concer- 
ned, it is found that the radial stress gradually increases as d increases until 
it attains the value 0.80, after which it decreases teadily. The variation of 
the circumferential stress is also found to be of a different nature as one 
passes from the endosteal surface of the bone specimen to its periosteal 
surface. It may be noted that although the longitudinal stress varies 
curvilinearly with z, its variation with d is almost rectilinear and that the 
magnitude of the longitudinal stress decreases significantly as time 
progresses; however, the rate of diminution of the stress value is much 
faster at the initial state than that when z > 3. It is also observed that the 
value of d does not affect the magnitude of the longitudinal stress or its 
nature of variation with r very appreciably. 
Computational results for the considered bone specimen under the 
action of an external bending moment are presented in Figs. 19-24 for the 
large time range and in Figs. 25-30 for the short time range. The time 
variation of the radial stress at several locations of the bone specimen is 
displayed in Fig. 19, while the distribution of radial and circumferential 
stresses at different instants of time is shown in Figs. 20 and 21, respec- 
tively. It may be noted that the stress on the periosteal surface is small and 
compressive while the stress on the endosteal surface is tensile. Plots for the 
axial stress shown in Figs. 23 and 24 indicate that the rate of variation of 
the stress on the endosteal surface is greater than that on the periosteal sur- 
face of the bone specimen. Figures 25-30 indicate that in the small time 
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FIG. 13. Variation of radial stress with time for different values of d (for small time range). 
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FIG. 16. Variation of circumferential stress with time for different values of d (for small 
time range). 
range, the radial stresses in the bone specimen subjected to the action of 
bending moment are compressive on both the endosteal and periosteal 
surfaces of the bone specimen, whereas the stress at any location interior 
to the bone specimen is of tensile character. It may furter be observed that 
the axial stress does not vary quite appreciably at the early stages of 
loading but as time progresses it increases along the radial direction. 
600 r 
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FIG. 17. Variation of longitidunal stress with time (for small time range). 
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FIG. 19. Variation of radial stress with time for different values of d (for small time range). 
494 MISRA ET AL. 
5.L x10& 
L.9 x10& - 
t 
3.9 Xl 0” 
a 
,g 2.9x10& t * I / ,T=O.ZO \ I 
0.66 0.72 0.79 0.66 0.93 1.0 
FIG. 20. Distribution of radial stress at different instants of time (for small time range). 
9.5 r107 
8.5 x10' 
7.5 x10' 
m 6.5~10' 
.E 
VI 
"r 5.5x10' 
. 
b" L5XlO' 
3.5 x10' 
2.5 x10' 
FIG. 21. 
range). 
Distribution of circumferential stress at different instants of time (for small time 
THE STRESS FIELD IN A LONG BONE 495 
8.5x10' 
7.5 x10 
'1 
6.5~10' ; 
CD 
,: 5.5 x10' A 
2.5 x10' 
- o.5x105 
1 2 3 L 5 6 7 8 9 10 
FIG. 22. 
time range). 
Distribution of circumferential stress with time for different values of d (for small 
7.5x105 
1 I 
5.5 xld 
-1.5x10 
3 4 5 6 7 8 9 10 
T---w 
FIG. 23. Variation of longitudinal stress with time for different values of d (for small time 
range). 
496 MISRA ET AL. 
6.5~10~ 
; LSxld 
:: 
E 
\ 
b" 2.5~10' 
o.5x105 
-0.5 xld 
-l.5x10S ' I I I t 
0.66 0.72 0.79 066 0.93 1.0 
d- 
FIG. 24. Distribution of longitudinal stress at different instants of time (for small time 
range). 
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FIG. 25. Distribution of radial stress at different instants of time (for small time range). 
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FIG. 26. Variation of radial stress with time for different values of d (for small time range). 
l.LxlO' 
1.2x10' 
1.0 x10' 
CD 
.f 0.8~10' 
D 
f 0.6~10' 
b" 
0.4x10' 
0.2 x107 
0 
-0.2 x10’ I I I I I 
0.66 0.72 0.79 
d---c o.86 o5J3 "' 
FIG. 27. Distribution of circumferential stress at different instants of time (for small time 
range). 
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FIG. 28. Variation of circumferential stress with time for different values of d (for small 
time range). 
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FIG. 29. Distribution of longitudinal stress at different instants of time (for small time 
range). 
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FIG. 30. Variation of longitudinal stress with time for different values of d (for small time 
range). 
6. CONCLUDING REMARKS 
On the basis of the observations of the present study, it may be con- 
cluded that the stress field generated in the bone specimen strongly depends 
on the relaxation time of the bone specimen. We have considered here two 
cases, one z. = 0.5 referring to the case T*/T~ -C 1, i.e., the relaxation time of 
the diagonal compliance coefficients is higher than that of non-diagonal 
compliance coefficients; the other is r. = 2, referring to the case r&i > 1, 
i.e., the relaxation time of the non-diagonal compliance coefficients is larger 
than that of the diagonal coefficients. It is observed that the nature of 
variation of the stress in the two cases is significantly different and that the 
magnitude of the stresses are higher for the case 2. = 2 than that when 
To =0.5. 
APPENDIXI 
Expressions for Fkij(o), F&(o), and F;,(o) (k= 1,2; i,j= 1,2, 3) in the 
case of large time range analysis are 
Ck+ld-(k+l) 1 
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-ck+‘dk-’ logcd+ck+ld-‘k+‘)log(c/d) 
-c2kd--(k+1)log(c2/d))(l -Cam)+ {dk-‘(1 -ck+‘) 
+d-(k+‘)(Ck+‘-C2k)} C2k]ogc2] 1 Wo) 
(1 - c2k)2 ds 
and 
and 
f%,(o) =-$ Fill(S) 
S=O 
K(o’=[~~:~~~~~;~]1’2 
F2,,(0) = nb2(l - C2hl% - hE22) + 64, - 4,) 
x ab2( 1 - c2) -t- 27rcb2(a2, - Ct’3) 
[ 
l-C2 
-Tj- (a13 + a231 
(l-~~+‘)~(a’~+k~~) (l-~~+‘)~c~(a,~-ka~~) - 
(k+l) - (k- 1) 1 &(o) = 2nb2(1 - c2)h3(a11 -a22) + (ai, -a?,) r. 
+ (a23 - alAal + a2d zol - 2nb2(a2, - a13) 
X 
40) -2a’,(l-ck+1)ck+‘logd~+a’3(1-ck+1)22ro 
x (k $1) - (1 - ck+ ‘)’ a’3 
dk(o) 1 
- 
1 
- - 2ab2(a2, - a’3) 
ds (k+l)’ 
X d40) -a2,(l-ck+1)2kck+110gc- 
ds 
+a,,(1 -c~+‘)~ 
2kr,+F)}(k+l)-(1-ck~‘)‘ka2,dkol_l 
ds (k+l)’ 
2nb2(a2, - a13) c2a’3 - 
(k- 1)2 
(l-c k- ‘)2 22, 
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+ 2rb2b23 - alA c2h 
(k- 1)” 
-2k(l 4-l) Flogc? 
+(l -e-1)* 
( 
2/x,+ $y(k-1) 
-(I -c”-‘)“ky & 1 
I s=O 
F,22(o)= (a23 -a13)a33 I- ‘l-uc~z~l kdkpl +‘,-c~~l kck+ld-c(k+l) 1 
P;,,(o) = (To + 1) F,(o) + (0123 - CQJ) 0133 -k{ (dk - ’ log d 
-Ck”‘dk-llogcd-ck+‘d-(k+‘)log(c/d) 
~C2kd--(k+1~10g(C2/d))(l-C2k)+~dk---cCk+’dli-1 
~~k+l~-Ik+I~+~k+l~-(k+1~+~2k~-(k+1)) CZk~ogc”) 
1 MO) -- - 
’ (1 -czk)* ds ( 
1 -ck+ldkpl 
1 - C2k 
l-&l Wo) - 
1 -C2k 
Ck+ld-(k+l) - > 1 ds 
Fl33(0)= (all -a221 a33 + (aI3 -ai3)- (a13-a13) 
[ 
(a13- CQ~) 
1 -ck+l 
- 
1 -CZk 
(aI3 + ka,,) dk- ’ 
- 1l--c;,,’ (a,,-ka,,)ck+‘d-‘k+lq 
x d&o) dk-12t,,+dk-l logd- 
ds -(al3 + kh) 
x~k+110g,~+(1-~~+1~a~~~}](l-~2*)+(l-~~+1) 
ds 
x (aI3 + kccz3) dk-’ dk(o) c*’ ds log cz )I 1 (1 - czk)* 
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x(1-P)+(P+l 
dk(o) 
-c4k)(a13-ka23)d-(k+1)logc2- 
ds 1 
1 
X(l-C*k)* 
F233(“) = F222(o) = F211(0), &33(o) =&22(o) =&l’(o), 
F;33(0) = F;**(o) = F;,,(o). 
APPENDIX II 
Expressions for I;,, (0) and F2Jo) in the case of small time range 
analysis are 
411W = (a23 -al31 a33ro 
[ 
1 - 1~-~c~2~1dk-‘-1-ck-‘ck+~d-~k+l) 1 -C2k 1 
F;ll(o)=(a23-a13)a33(z~+1) ‘- 1-C2k [ l-c*t’dk&l~ll-~~“l 
xck+ld-(k+l) -(a23-a,3)a33zo[(dk-110gd-ck+1 1 
~d-(~+~)log(c/d)-c~~d-(~+~)log(c~/d)}(l-~~~) 
1 dk 
’ C2k log “1 (1 _ ,2k)2 z 
F211(o) = Caj3(a11 -a22) + (4, - 4,) 4 nb*(l -c*) 
+ 27rb*(a,, - a13) ~~ ~(a13+a23)ro-(l-ck+1)2 
x(a~~~~~~~)r,~(I-ck~1~2~~~3-k~23~r,] 
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G(o) = Mai, -a22) a33 + 4ta23~~3 - 4,) 701 nb2t1 - ~“1 
- 27rb2(az3 - a ,3) (1 -ck+ ‘)’ 2a,,z0 
x c2ka,,z; - ~]/tk- U*] 
fi2h7) = h3 -ad a332o 1 - 
1 -‘-k+l 
1 - C2k 
kdk-1 + 1l--c;;’ kek+ld-‘ki”] 
&22(O) = (43 -a,,) %,(zo + 1) 
1 -Ck+l l-$-l 
1 - 1 _ C2k kdk - ’ + - 1 -CZk 
xkck+ldeCk+l) +(a,,-a,,)or,,t, 1 [l-k)[{dk-llogd 
-C k+1dk-‘logcd-ck+‘d-‘k+“log(c2/d)}(1 -cZk) 
+(dk-1_Ck+~dk~1_C~+Id-(k+1)+C2k~ogc2] 
1 dk -- 
X(l-cZk)2du C 
!-$.&-SC k+ ‘d- (kt1j g 1 1 du 
409:161:?-I4 
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F133(0) = (a33(a11 - ~122) + (a23 - aI31 
1 -Ck+’ 
1 - C2k (a,3 + kcr,,) zZdk- ’
+1-P 
1 - CZk (a13 - ka23) c k+ld-(k+l% 1 
Fi33(0) = 2(all - ~1~~) a33 + (a23 - aI31 
[L 
(1 -Ck+’ )(a13 + ka2,) 
dk~12i,+~~dk~110gd~}+~~dk~1{-(a13+ka23) 
(l-P)+(l-Ck+‘) 
dk 
x (aI3 + ka,,) $dk- 1~2k z log c2 1 1 (1 - c2q2 + (a23 - aI31 
x (l-~~-l)(a~~-ka~~) ,~ck+ldp(k+l”,og(c/d)$ 
r 
+Ck+l&(k+l)2T0 ++k+ld-(k+l) (lmCk-1) 
- (aI3 - ka,,) ck- 1 log c $}I (1 - c2k) 
+ (c 3k+1-c4k)(a13-ka23)~~d-(k+1)logc2~ 1 1 du (1 - cZk)’ 
F211(“) = F222(“) = F233(“), F;ll(o) = I;;22(O) = F;33(o)~ 
F;,,(o) = FZ22(0) = F;33(0). 
APPENDIX III 
Expressions for Flq(o), F,Jo), etc., in the large time range analysis of 
the case of bending moments are 
1-Cm+2 1 -cm-’ 
F,,(o)=d- lwcCZm d”-‘- l-c2m ?‘+‘d-@+‘) 
F;,,(o)= (d”-110gd-c”+2d”-1 
[ 
log( cd) + cm + 2d - (m + ‘) Ig( c/d) 
-c2”d-‘“+“log(c2/d))(l-c’“)+ {dm-1(1-cm+2) 
+d-cm+‘) (Cm+2 - c”“)} C2m2 log 1 1 dm c (1 -cz”)Gz 
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C,,(o) = f F,(s) 
s=O 
nb4 (1 - c”) 
F*11(0) = 4 
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p---F, 
g a33 
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4 - l-cCZm 
m+2 
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42 = 
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